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TRACE FORMULAS ON FINITE GROUPS
Jae-Hyun Yang
Abstract. In this paper, we study the right regular representationRΓ of a finite group
G on the vector space consisting of vector valued functions on Γ\G with a subgroup Γ
of G and give a trace formula using the work of M.-F. Vigne´ras.
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1. Introduction
Following the suggestion of D. Kazhdan, James Arthur proved the so-called lo-
cal trace formula for a reductive group G(F ) over a non-archimedean local field
F investigating the regular representation of G(F ) × G(F ) on the Hilbert space
L2(G(F )) (cf. [1]-[4] ). Motivated by the work of J. Arthur on the local trace formula,
M.-F. Vigne´ras (cf. [10]) gave a trace formula for the regular representation of G×G
in L2(G) for a finite group G. In this paper, motivated by the above mentioned work
of M.-F. Vigne´ras, we study the trace formula of the right regular representation RΓ
of a finite group G on the vector space of consisting of all vector valued functions on
the coset space Γ\G for a subgroup Γ. We derive the trace formula for RΓ(f) using
the result of M.-F. Vigne´ras (cf. [10]). This trace formula simplifies the proofs of the
well known results on a finite group.
In this paper, we shall study the right regular representation R of G on the vector
space V [Γ\G] consisting of all vector valued functions on Γ\G with values in V and
give a trace formula for RΓ(f) with a function f on G. Using this formula, we derive
some well known results.
Notation. We denote by C the complex number field. For a finite set A, we denote
by |A| the cardinality of A. For a finite group G, we denote by Gˆ the set of all
equivalence classes of irreducible representations of G. For λ ∈ Gˆ, we let dλ be the
degree of λ.
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2. Trace Formula
Let Γ be a subgroup of a finite group G. Let V be a finite dimensional complex
vector space. We let XΓ = Γ\G and denote by VΓ the vector space consisting of
all vector valued functions ϕ : XΓ −→ V . We note that G acts on XΓ transitively
by right multiplication. We let RΓ be the right regular representation of G on VΓ,
namely,
(RΓ(g)ϕ)(x) = ϕ(xg), g ∈ G, ϕ ∈ VΓ and x ∈ XΓ.
For any g ∈ G, we set Xg
Γ
= { x ∈ XΓ | xg = x }.
Theorem 1. Let G, Γ, VΓ, XΓ and X
g
Γ
be as above. We let χRΓ be the character of
the regular representation RΓ of G. For each λ ∈ Gˆ, we let χλ be the character of λ.
We assume that RΓ =
∑
λ∈Gˆmλ(Γ, V )λ is the decomposition of RΓ into irreducibles.
Here mλ(Γ, V ) denotes the multiplicity of λ in RΓ. Then
(1) χRΓ(g) = dimC V · |X
g
Γ
| for all g ∈ G,
(2) mλ(Γ, V ) =
dimC V
|G|
∑
g∈G
|Xg
Γ
|χλ(g
−1) for each λ ∈ Gˆ,
(3) |G|2 = |Γ|
∑
λ∈Gˆ
∑
g∈G
dλ |X
g
Γ
|χλ(g
−1).
For a function f ∈ C[G], we define the endomorphism RΓ(f) of VΓ by
RΓ(f) =
∑
g∈G
f(g)RΓ(g).
Then for a function f ∈ C[G],
(4) trRΓ(f) = dimC V ·
∑
g∈G
f(g) |Xg
Γ
|,
and for any f1, f2 ∈ C[G],
(5) trR{1}(f1 ∗ f2) =
∑
λ∈Gˆ
dλ tr (Ff1(λ)Ff2(λ)).
Here f1 ∗ f2 denotes the convolution of f1 and f2 defined by
(f1 ∗ f2)(g) =
∑
h∈G
f1(h)f2(h
−1g), g ∈ G,
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dλ is the degree of λ and Ff(λ) is the Fourier transform of f defined by
Ff(λ) =
∑
g∈G
f(g)λ(g), λ ∈ Gˆ.
Proof. We let V [X ] be the set of all functions φ : X −→ V with values in V . We
describe a basis for the vector space V [X ] and its dual basis. If V = C, the vector
space C[X ] has a basis { δx | x ∈ X }, where
δx(y) :=
{
1 if x = y
0 otherwise.
For x ∈ X and v ∈ V , we define the function δx ⊗ v : X −→ V by
(δx ⊗ v)(y) :=
{
v if x = y
0 otherwise.
Let { v1, · · · , vn } be a basis for V with dimCV = n. Then it is easy to see that the
set { δx ⊗ vk | x ∈ X, 1 ≤ k ≤ n } forms a basis for V [X ]. Let V
∗ be the dual space
of V . For x ∈ X and v∗ ∈ V ∗, we define the linear functional δ∗x ⊗ v
∗ : V [X ] −→ C
(δ∗x ⊗ v
∗) (φ) :=< φ(x), v∗ >, φ ∈ V [X ].
Suppose { v∗
1
, · · · , v∗n } is the dual basis of a basis { v1, · · · , vn }. Then we see easily
that the set { δ∗x ⊗ v
∗
k | x ∈ X, 1 ≤ k ≤ n } forms a basis for the dual space V [X ]
∗.
We also see that for each g ∈ G,
< RΓ(g)(δx ⊗ vk), (δ
∗
x ⊗ v
∗
k) >=
{
1 if xg = x
0 otherwise.
Therefore χRΓ(g) = trRΓ(g) = n · |X
g
Γ
| for each g ∈ G. This proves Formula (1).
We define the hermitian inner product < , > on the group algebra C[G] by
< f1, f2 >=
1
|G|
∑
g∈G
f1(g) f2(g), f1, f2 ∈ C[G].
Since χRΓ =
∑
λ∈Gˆmλ(Γ, V )χλ, we have
mλ(Γ, V ) =< χRΓ , χλ > ( by Schur orthogonality relation (cf. [6], p. 148))
=
1
|G|
∑
g∈G
χRΓ(g)χλ(g
−1)
=
n
|G|
∑
g∈G
|Xg
Γ
|χλ(g
−1). ( by (1) )
This proves Formula (2).
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We observe that
(6) dimC VΓ =
|G|
|Γ|
· dimC V
Since RΓ =
∑
λ∈Gˆmλ(Γ, V )λ, we see that
(7) dimC VΓ =
∑
λ∈Gˆ
mλ(Γ, V ) · dλ,
where dλ denotes the degree of λ ∈ Gˆ. By substituting (2) into (7), we get
(8) dimC VΓ =
dimC V
|G|
·
∑
λ∈Gˆ
∑
g∈G
dλ |X
g
Γ
|χλ(g
−1).
Therefore according to (6) and (8), we obtain Formula (3).
Let f ∈ C[G]. Then we obtain
trRΓ(f) = tr

∑
g∈G
f(g)RΓ(g)


=
∑
g∈G
f(g) tr (RΓ(g))
=
∑
g∈G
f(g)χRΓ(g)
= dimC V ·
∑
g∈G
f(g) |Xg
Γ
|. ( by (1) )
This proves Formula (4).
Finally we shall prove Formula (5). If we take Γ = {1}, then X1
Γ
= G and Xg
Γ
= ∅
if g 6= 1. Thus by Formula (4), we get
trR{1}(f) = dimC V · |G| f(1).
Therefore
(9) f(1) =
trR{1}(f)
|G| dimC V
.
We recall the fact ( see [6], Corollary 3.4.5 ) that for any f1, f2 ∈ C[G], the following
Plancherel formula holds :
(10) (f1 ∗ f2)(1) =
trR(f1 ∗ f2)
|G|
=
1
|G|
∑
λ∈Gˆ
dλ trVλ (Ff1(λ)Ff2(λ)),
where trVλ(A) denotes the trace of an endomorphism A : Vλ −→ Vλ with the repre-
sentation space of λ.
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On the other hand, for for any f1, f2 ∈ C[G], we get
(11) (f1 ∗ f2)(1) =
trR{1}(f1 ∗ f2)
|G|
( by (9) ).
Hence according to (10) and (11), we obtain Formula (5). 
Corollary 2. (a) |G| =
∑
λ∈Gˆ d
2
λ.
(b) |G| =
∑
g∈G
∑
λ∈Gˆ dλ χλ(g
−1).
(c) Let λ0 be the trivial representation of G. Then
mλ0(Γ, V ) =
dimC V
|G|
·
∑
g∈G
|Xg
Γ
|.
In particular, mλ0({1},C) = 1.
(d) For any f ∈ C[G],
f(1) =
trR{1}(f)
|G| · dimC V
.
(e) For a subgroup Γ of G,
∑
λ∈Gˆ
mλ(Γ, V )
2 =
(dimC V )
2
|G|
·
∑
g∈G
|Xg
Γ
| |Xg
−1
Γ
|.
(f) For each λ ∈ Gˆ, mλ({1}, V ) = dλ dimC V 6= 0. That is, each λ ∈ Gˆ occurs in the
regular representation (R{1}, V [G]) of G with multiplicity dλ · dimC V .
(g) For each λ ∈ Gˆ, ∑
g∈G
χλ(g) =
|G|
dimC V
·mλ(G, V ).
Proof. (a) If we take Γ = {1}, we see easily that X1{1} = G and X
g
{1} = ∅ if g 6= 1.
Then we get
|G|2 = 1 ·
∑
λ∈Gˆ
dλ · |X
1
{1}| · χλ(1) ( by (3) )
= |G|
∑
λ∈Gˆ
d2λ. ( because χλ(1) = dλ )
This proves Formula (a). We recall that another proof of (a) follows from the fact
that the group algebra C[G] is isomorphic to
∑
λ∈Gˆ End(Vλ) as algebras, where Vλ
is the representation space of λ ∈ Gˆ (cf. [9]).
6 JAE-HYUN YANG
(b) We take Γ = G. It is easy to see that XG = {1¯} is a point and X
g
G = XG for all
g ∈ G. According to Formula (3), we obtain
|G|2 = |G|
∑
λ∈Gˆ
∑
g∈G
dλχλ(g
−1).
This proves the statement (b).
(c) It follows from Formula (2).
(d) We take Γ = {1}. Then X1
Γ
= G and Xg
Γ
= ∅ for g 6= 1. From Formula (4), we
obtain
trR{1}(f) = dimC V · |G| f(1).
(e) By Schur orthogonality relation, < χRΓ , χRΓ >=
∑
λ∈Gˆmλ(Γ, V )
2. On the other
hand, according to the formula (1),
< χRΓ , χRΓ >=
1
|G|
∑
g∈G
χRΓ(g)χRΓ(g
−1) =
(dimC V )
2
|G|
·
∑
g∈G
|Xg
Γ
| |Xg
−1
Γ
|.
(f) We take Γ = {1}. Then X1{1} = G, X
g
{1} = ∅ for g 6= 1, and V{1} = V [G].
Therefore we obtain the desired result from Formula (2).
(g) We take Γ = G. We see easily that |XgG| = 1 for all g ∈ G. According to Formula
(2), we get
mλ(G, V ) =
dimC V
|G|
∑
g∈G
χλ(g
−1) =
dimC V
|G|
∑
g∈G
χλ(g).
Hence this proves the statement (g). 
Theorem 3. For each f ∈ C[G], we have the following trace formula
(12) trRΓ(f) =
dimC V
|G|
·
∑
g∈G
|Xg
Γ
| |Zg| f(Cg),
where Zg is the centralizer of g in G, Cg is the conjugacy class of g and f(Cg) =∑
h∈Cg
f(h).
Proof. For f ∈ C[G] and λ ∈ Gˆ, we define
λ(f) :=
∑
g∈G
f(g)λ(g).
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Investigating the spectral decomposition of the regular representation R of G×G
on C[G] defined by
(R(g1, g2)F ) (g) = F (g
−1
1
gg2), g, g1, g2 ∈ G, F ∈ C[G].
M.-F. Vigne´ras (cf. [10], p.284) obtained the following trace formula
(13) |Zg|F (Cg) =
∑
pi∈Gˆ
χpi(g
−1) trpi(F )
for any g ∈ G and F ∈ C[G].
Let RΓ =
∑
λ∈Gˆmλ(Γ, V )λ be the decomposition of RΓ into irreducibles. If
f ∈ C[G],
trRΓ(f) =
∑
λ∈Gˆ
mλ(Γ, V ) trλ(f)
=
dimC V
|G|
∑
λ∈Gˆ
∑
g∈G
|Xg
Γ
|χλ(g
−1) trλ(f) ( by (2) )
=
dimC V
|G|
∑
g∈G
|Xg
Γ
|

∑
λ∈Gˆ
χλ(g
−1) trλ(f)


=
dimC V
|G|
·
∑
g∈G
|Xg
Γ
| |Zg| f(Cg).
The last equality follows from Formula (13). 
Corollary 4. Let Γ be a subgroup of G. Then for any f ∈ C[G], we have the
following identity
(13) |G|
∑
g∈G
f(g)|Xg
Γ
| =
∑
g∈G
|Xg
Γ
||Zg|f(Cg),
where Zg is the centralizer of g in G, Cg is the conjugacy class of g and f(Cg) =∑
h∈Cg
f(h).
Proof. The proof follows immediately from Formula (4) and the trace formula (12).

Remark 5. The trace formula (12) is similar to the trace formula on the adele
group. For the trace formula on the adele group, we refer to [1]-[5], [7] and [8].
Remark 6. If Γ 6= {1}, the multiplicity mλ(Γ, V ) of some λ ∈ Gˆ may be zero. It is
natural to ask when mλ(Γ, V ) is not zero. Namely, which λ ∈ Gˆ does occur in the
regular representation (RΓ, VΓ) of G ?
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